We propose a quantum fitting scheme to estimate the magnetic field gradient with N -atom spins preparing in W state, which attains the Heisenberg-scaling accuracy. Our scheme combines the quantum multi-parameter estimation and the least square linear fitting method to achieve the quantum Cramér-Rao bound (QCRB). We show that the estimated quantity achieves the Heisenberg-scaling accuracy. In single parameter estimation with assumption that the magnetic field is strictly linear, two optimal measurements can achieve the identical Heisenberg-scaling accuracy. Proper interpretation of the super-Heisenberg-scaling accuracy is presented. The scheme of quantum metrology combined with data fitting provides a new method in fast high precision measurements. [12] . In general, the quantity interested is not the absolute strength of magnetic field but its difference and gradient. A standard measuring instrument for determining the gradient is differential atom interferometry, which utilizes two completely polarized atomic ensembles. Recently, quantum-enhanced measurements of magnetic field gradient have been proposed [13] [14] [15] [16] .
It is by now well established that quantum metrology has advantages in enhancing precision of estimation [17] which is beyond the classical method. In quantum metrology, the general framework for precision bound of estimation has been proposed and developed in Refs. [18] [19] [20] [21] [22] [23] [24] , which is based on quantum Fisher information and Cramér-Rao inequality. The precision of estimation depends on the amount of resources employed in the scheme, which might be for instance the number N of identical probes or the energy of probing field. The standard quantum limit, a consequence of the central limit theorem for statistics, shows that the precision is proportional to 1/ √ N . With quantum strategies such as entanglement and squeezing applied, one may attain better accuracy scaling as 1/N , which is the ultimate limit of precision named as Heisenberg limit. The NOON and GHZ states have been demonstrated to be able to provide a Heisenberg-limit sensitivity in some schemes [25] [26] [27] [28] [29] . Also some experiments have implemented the quantum enhanced metrology [30] [31] [32] [33] [34] [35] .
In this work, we propose a quantum scheme of multi- * muliangzhu@pku.edu.cn † hfan@iphy.ac.cn parameter estimation to detect the gradient of magnetic field by employing N -atom spins. These atoms are initially prepared in W state, a genuine multipartite entangled state that can be generated in spin chain [36] and has been experimentally produced by trapped ions [37] . These technologies can be utilized to implement our scheme in experiment. By applying the quantum enhanced multi-parameter estimation to the least square linear fitting (LSLF) method, we show that our scheme saturates the QCRB with Heisenberg-scaling accuracy. Let us highlight some advantages of this scheme: (i) Our scheme does not depend on the prior assumed linear assumption for the magnetic field, we essentially apply the reliable LSLF method. (ii) We use the quantum multiparameter estimation scheme which is robust to accidental random errors in few parameters. Also this simultaneous estimation scheme is in principle faster than repeated individual estimations. (iii) This is a general quantum fitting method and can be applied to measure other physical quantities with various fitting functions. We also discuss that even if the linearity of the magnetic field is prior assumed, the Heisenberg limit is always satisfied.
Local estimation theory.
-We first present a brief review of local estimation theory, the Fisher information and Cramér-Rao inequality [18] [19] [20] [21] [22] [23] [24] .
Considering a curveρ(y) characterizing dynamical process on the space of density matrix, the problem of determining the value of the parameter vector y = (y 1 , y 2 , · · · , y N )
T is a fundamental problem of statistical inference based on the experimental results. Before the measurements, we know that an observable random variable ξ carries information about the unknown parameter vector y, which is described by the smooth probability distribution p(ξ|y). The normalization is dξp(ξ|y) = 1, and ξ could be discrete or multivariate although it is written here as a single continuous real variable.
Then we take a random sample of size ν to estimate the parameter vector y via comparing the ratio of observed measurement outcomes with the probability distribution. An essential premise of effective deterministic estimation is requiring that the smooth map p(ξ|y) ↔ y is bijective. In order to avoid the periodical problems of determining the parameters y i , it is generally assumed that all components y i are small, which is called local estimation. For an effective deterministic observable random variable ξ, one estimates the parameter vector y via funtions y 
Taking the partial derivative of Eq.(1) with respect to y j and combining them into a bilinear quadratic form via two arbitrary real vectors α = (
T , we obtain
Applying the Cauchy-Schwarz inequality to Eq.(3) yields Cramér-Rao bound [18] [19] [20] [21] [22] [23] 
where the Fisher information matrix (FI) is defined by
Based on Eq. (4), for all α, there exits β s.t.
, and because β T Cov(y est )β ≥ 0, then we find that the Fisher information matrix F (y) is positive. Noticing that Eq.(4) only holds for effective deterministic estimation, the Fisher information matrix defined by Eq. (5) is merely positive semi-definite for arbitrary observable random variables.
The asymptotic theory of maximum-likelihood estimation states that [18, 22, 23] , in the approximate sense for large ν, the estimation achieves the Cramér-Rao bound and is unbiased locally, i.e. y est i = y i , where Cov(y est ) is the matrix describing the deviation between the estimated values and real values. Thus for unbiased effective deterministic estimation, the Cramér-Rao inequality can be written as [20, 23] 
which means that it is a positive semi-definite matrix. For quantum mechanics, the generalized measurement performed on the density matrixρ(y) is described by a set of of non-negative Hermitian operatorsÊ(ξ) [42] , which are complete in the sense that dξÊ(ξ) = I = (unit operator). And the probability distribution for measurement outcomes ξ is given by p(ξ|y) = T r[Ê(ξ)ρ(y)]. As proven in [22] , we have
where F Q (y) is the so-called quantum Fisher information (QFI) matrix defined as [20, 21, 23] [
where these Hermitian operators are the so-called symmetric logarithmic derivatives, defined by the following equation
The sufficient and necessary conditions for equality holding in Eq. (7) arê
where
For single parameter estimation, the equality in Eq. (7) can always be satisfied by choosing the Hermitian operators to be one-dimensional projectors onto a complete set of orthonormal eigenstates ofL [22] . Thus quantum Fisher information is the maximum of Fisher information over all possible measurement strategies [22, 24] , i.e. F Q = max {Ê(ξ)} F . For multi-parameter estimation, the equality in Eq. (7) generally is not achievable, which means that the quantum Cramér-Rao inequality Cov(y) − [νF Q (y)] −1 ≥ 0 cannot always be saturated [20, 21, 23, [38] [39] [40] [41] .
Multi-parameter estimation combined with the least square linear fitting method.-Now, we consider the problem of measuring the gradient of a magnetic field. Our scheme is to estimate the strength of magnetic field at different locations through quantum measurements and then to apply the LSLF method. We employ a N -atom spin chain as the probe, as shown in FIG. 2, to estimate the magnetic field gradient, where the j-th atom is located at x j = x 1 + (j − 1)a, (j = 1, 2, · · · , N ) and the uncertainty of the location x j can be neglected. The Hamiltonian describes that each atom with two hyperfine spin states is coupled to the local magnetic field, and it takes the form,Ĥ
where B j andσ j z are the magnetic field and Pauli operator of atom j, and each atom has the same gyromagnetic ratio γ. The task of our scheme is to obtain optimal uncertainty bound of estimating the magnetic field gradient G that quantum mechanics permitted. Initially, the atomic spins are prepared in a W state |ψ 0 = 
Because of an overall unobservable phase, it is proper to think that B 1 = 0 always holds and the covariance matrix Cov(B) is size (N −1)×(N −1). Generalizing the expression of estimation for unitary dynamical processes [24] , the QFI matrix is given by [
∂Bm U (B). By straightforward calculations, the QFI matrix and its inverse associated with the estimation of the magnetic fields B j in our scheme is
Applying the LSLF method, we have the fitting gradient of the magnetic field as,
. Since the uncertainties of x j are neglected, the quantum Cramér-Rao inequality gives a lower bound on the variance of the magnetic field gradient
This bound clearly goes beyond the quantum standard limit and achieves Heisengberg-scaling accuracy for large N .
In this scheme, we construct two von Neumann measurements labeled by a, b respectively,
|, to be performed on the atomic spin chain as the following forms,
where k = 1, 2, · · · , N − 1. Both of these two sets of quantum states are orthonormal eigenstates of the coherence operator expressed asĈ
a(b) (ξ), see Ref. [16] . We can obtain the Fisher information matrices of these two sets of measurements, respectively,
see supplementary material for detailed calculations [48] .
For the first set of measurements, the Fisher information matrix is merely positive semi-definite and irreversible, which confirms that it is not an effective deterministic estimation. Applying Fourier transformation, we have
2 /N , it is impossible to estimate λ ξ and the magnetic field B j from the probability distribution associated with experimental outcomes. For the second set of measurements, which yields the QFI matrix, the probability of each outcome is transparently related to the magnetic field B, with p(1|B) involving only B 2 , p(2|B) involving only B 2 , B 3 , and so on [40] . This suggests that the estimator could effectively determine the magnetic field B. Based on the results of asymptotically large ν independent experiments, this set of measurements is optimal which can locally achieve the Heisenberg-scaling quantum Cramér-Rao bound.
Single parameter estimation with linear assumption.-If we assume that the magnetic field satisfies the linear condition B j = B 1 + G(j − 1)a, the single parameter representing gradient G of magnetic field needs be estimated. In this case, the unitary transformation for the atomic spin chain isÛ (G) = e −iĤt/ , and the QFI can be expressed as [24] 
. We show in supplementary material [48] that the Fisher information of previously proposed two sets of measurements are identical,
These two sets measurements are optimal because they both yield the QFI. It is straightforward to determine that the quantum Cramér-Rao bound σ
which is exactly the same as the Heisenberg-scaling accuracy for scheme of the multiparameter estimation. For measurementsÊ a (ξ) = |Π a ξ Π a ξ |, the probability distribution p a (ξ|G) is clearly peaked around (−ξ/N + j)π/(γta) with approximate width π/(N γta), where j is an arbitrary integer. If the condition 0 < G < π/(γta) is satisfied, one can successfully estimate G with Heisenberg-scaling accuracy. This measurement is essentially a quantum Fourier algorithm for phase estimation [42, 43] . For measurementŝ
ξ |, the Heisenberg-scaling accuracy can only be reached locally, i.e., the unknown parameter satisfies γtaG ≪ 1.
The trick of super-Heisenberg-scaling accuracy.-With the prior assumed linear condition for magnetic gradient, we can find an optimal initial pure state which maximizes the QFI. Considering the initial state as |ψ 0 = 1 i1,i2,··· ,iN =0 x i1i2···iN |i 1 i 2 · · · i N , we then find,
Using the mathematical proposition in [48], the GHZ state
For the situation that N is even, the QFI of the NOON state
) is
for GHZ state and NOON state are both super-Heisenberg-scaling accuracy for large N , and these bounds can be achievable via parity measurement [25, 27, [45] [46] [47] . Taking account of the periodical problem of estimating an unknown phase 0 < φ < π in quantum enhanced metrology employing GHZ state or NOON state, one might yield the estimation with Heisenberg-limited accuracy up to a logarithmic correction [44, 46, 47] .
However, close scrutiny of this 1 N 2 -scaling accuracy reveals that it is completely a trick for detecting the gradient which is based on strictly linear hypothesis of magnetic field.
For GHZ state, |ψ(t, B) = Conclusions.-Determining the gradient of magnetic field is inherently a multi-parameter estimation problem. We employ quantum enhanced multi-parameter estimation and the least square linear fitting method to achieve the Heisenberg-scaling accuracy. Our scheme provides attainable high precision in magnetometry. This proposal is the first data fitting scheme possessing Heisenberg-scaling accuracy. This opens a new avenue for the investigations of general data fitting problems.
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